Abstract. A framework for developing polyconvex strain energy functions for hyperelastic materials with cubic anisotropy is proposed. Polyconvexity of the strain energy density guarantees existence of solutions of boundary value problems in finite elasticity. The anisotropy is described by a single fourth order structural tensor for which the minimal polynomial basis is identified and used for the formulation of the strain energy functions. After proving the polyconvexity of some polynomial terms, a model based on a simple strain energy function is proposed. The model response is investigated analytically under simple deformations and its versatility and robustness are demonstrated via numerical simulations of problems in two and three dimensions involving large anisotropic deformations. In particular, the model is verified in the infinitesimal limit against the exact solution for an anisotropic plate with a hole subjected to remote unidirectional loading.
Introduction
A large class of engineering and natural materials exhibit anisotropic behavior. The mechanical response of these types of materials is usually described using constitutive models representing deformation mechanisms observed experimentally. In many cases, these models are used beyond the confined ranges of deformations for which they were developed, leading to numerical instabilities and convergence problems. These problems are often caused by the violation of some basic mathematical properties that guarantee the very existence of solutions to the problems under consideration.
Modeling issues arise when considering the shock response of single and poly crystalline metals which experience significant anisotropic elastic deformations. Direct extensions of small strain elastic models to large deformations such as is commonly done under metal forming conditions involving large plastic and limited elastic deformations, usually fail under shock conditions [1] . Motivated by the need to describe the shock response of single and polycrystaline metals with cubic symmetry (f.c.c and b.c.c.) in this work a framework for development of robust cubic anisotropy elastic models suitable for large deformations is proposed.
The appropriate mathematical conditions, which guarantee the existence of solutions to boundary value problems, constitute an active area of research in the mathematical community that has been to a large extent limited to simple material behavior such as non-linear elasticity and some specific types of displacive phase transformations [2, 3, 4] . For problems with variational formulations there are several known conditions guaranteeing the existence of minimizers to the corresponding functionals [5] . The most unrestrictive condition is quasiconvexity [6] of the strain energy density which ensures that the functional to be minimized is weakly lower semicontinuous. Unfortunately, quasiconvexity gives rise to a global integral inequality which is extremely difficult to handle. A more practical concept is polyconvexity [7] which can be verified locally, implies quasiconvexity and does not preclude relevant non-convex physical behavior such as buckling, phase transformations, strain localization, shocks, etc.
Despite the availability of these general results, models satisfying the hypotheses of the appropriate theorems have seldom been proposed [8] . In this reference the authors propose a general framework for polyconvex strain energy functions for transversely isotropic materials and list a large set of terms which can be used in developing such strain energy functions. In the present work we extend the approach used in [8] to the case of materials that possess cubic anisotropy.
Following [8] we make use of the theory of tensor function representations as a rigorous framework describing general anisotropic behavior [9] . The response of materials with oriented internal structures can be described with tensor valued functions of several tensor variables: the deformation gradient and a few structural tensors. Representation theorems giving the general forms of the tensor-valued functions to be used in this work have been derived in [10] . Further information about the general forms can be found in [11, 12, 13, 14, 15, 16] . Single structural tensors characterizing the symmetries of the various crystal classes have been derived by Zheng and Spencer [17] . We make use of the fourth order structural tensor describing the cubic symmetry which reduces the arguments to minimum of two: the deformation gradient and a single structural tensor.
In Section 2 we summarize the continuum framework of anisotropic hyperelastic solids, present the general theory of representation of tensor-valued functions of structural tensors and their invariants and review the concept of polyconvexity. In Section 3, we prove the polyconvexity of a number of monomials of the invariants of the cubic system. A model fulfilling all requirements is proposed in Section 4. A procedure to determine the model parameters from experimental data is detailed in the same section. The non-linear one-dimensional stress-strain response provided by the model is analyzed in Section 5. A short summary of the variational and finite element formulation is given in Section 6. Section 7 presents numerical results obtained from simulation examples using the proposed model. Finally, in section 8 the main conclusions of the present work are summarized.
Continuum mechanics framework
We consider the motion of continuous bodies occupying a reference undeformed configuration B ⊂ R d , d ∈ {1, 2, 3}, at time t = 0. The coordinates X of points in B are used to identify the material particles throughout the motion described by the deformation mapping
where x is the location of the material particle X at time t. The local deformation at any point X is described by the deformation gradients
The Jacobian of the deformation is given by
and remains positive in the absence of material interpenetration.
The simplest constitutive material model is furnished by hyperelastic solids, for which the existence of a strain energy density function ψ is postulated. The energy function ψ depends on the local state of deformation described through the deformation gradient F and possibly other parameters characterizing the material anisotropy. Following a standard argument assuming no dissipation and ignoring thermal effects [5] , the first Piola-Kirchhoff stress tensor is obtained as
The principle of objectivity requires the invariance of the constitutive equation under rigid body motions superimposed onto the current configuration. i.e., under the mapping x → Qx the condition ψ(F) = ψ(QF) holds for every Q in the special orthogonal group SO(3). This requirement implies that the strain energy density depends on F through the right Cauchy-Green deformation tensor
The second Piola-Kirchhoff stress tensor, defined as S = F −1 P, then follows directly from (1), material frame indifference and the symmetry of C as:
The anisotropy of a material can be characterized by the material symmetry group G M defined with respect to a local reference configuration. The elements of G M are those transformations to the reference configuration Q ∈ SO(3) that furnish an invariant material response, i.e.,
The condition (3) establishes that the function ψ is G M −invariant. In general the material symmetry group G M is a subgroup of the special orthogonal group SO(3) and only in the particular case of an isotropic material both groups coincide. This raises two conflicting requirements: material anisotropy requires invariance of ψ only under transformations belonging to G M whereas objectivity requires invariance of ψ under all transformations in SO(3). Both requirements can be satisfied simultaneously by expanding the tensorial argument list of the energy function ψ resulting in an isotropic function embodying the anisotropy information. A conventional approach towards this end is to recourse to the concept of structural tensors. Structural tensors were introduced by Boehler [12] as additional arguments of the free energy function. The structural tensors {M n } N n=1 characterize the spatial symmetry group G M if and only if
for n = 1, . . . , N . The essential effect of including structural tensors in the energy function may be seen the following two statements:
• The energy ψ is an isotropic function of the tensors C and M n , n = 1, . . . N , i.e.
∀Q ∈ SO(3)
• The energy ψ is an anisotropic function of the tensor
A direct way to construct strain energy functions satisfying these two properties is to consider functions of the invariants of the right Cauchy-Green tensor C and the structural tensors {M n } N n=1 . The arguments of these functions can be taken to be the minimal sets of independent invariants, sometimes referred to as polynomial bases [13] . The existence of these bases is guaranteed by Hilbert's theorem [10] .
Zheng and Spencer [17] have derived the structural tensors for all crystal classes using the properties of Kronecker products of orthogonal transformations. They point out that there exist multiple possible sets of structural tensors for a given symmetry group, but manage to find the simplest irreducible representations involving single structural tensor for each crystal class. In the case of the cubic crystal class of interest here, the symmetry group is generated by the set of transformations
where Q i (θ) refers to the rotation by an angle θ about the unit vector e i of a positively oriented Cartesian coordinate system aligned with the cubic crystal axes, and 1 denotes the second order identity tensor. Using the group generators (4), Zheng and Spencer [17] showed that the cubic system is characterized by the single fourth order structural tensor
1 + e
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where e (4) i is a notational shortcut for e i ⊗ e i ⊗ e i ⊗ e i . Taking [8] as a reference, we shall present an analogous procedure for the construction of specific constitutive equations for materials with cubic symmetry based on functions whose arguments are the invariants of the right Cauchy-Green tensor C and the structural tensor M. The integrity basis consists of the invariants obtained as traces of products of powers of the tensorial arguments C and M and are categorized as:
• principal invariants involving individual tensor arguments
which is constant and therefore cannot contribute essential information to the strain energy function ψ.
• mixed (or simultaneous [18] ) invariants involving both tensors
complete the integrity basis. This is a consequence of a theorem presented by Betten [19] , the generalized Hamilton-Cayley theorem, the symmetry of the tensor M and the property M 2 = M.
Some other useful mixed invariants [19] not part of the integrity basis are
In this work the concept of polyconvexity of the strain energy density function is used as the theoretical basis for the development of constitutive model leading to guarantees of existence of solutions to boundary value problems in non-linear elasticity [7] . The energy function ψ is said to be polyconvex if and only if there exists a function ϕ with arguments F, adj(F) = det(F)F −1 and det(F) such that
and ϕ is a convex function [5] . An example of a polyconvex function is ψ(F) = f (detF), for a convex function f . This function is not convex if taken as a function of F because the range of definition of F is not convex, however, it fulfills the polyconvexity condition, since the condition of polyconvexity requires to take det(F) as the independent variable and, by hypothesis, the function f is convex in that variable. It is useful for the purpose of constructing polyconvex strain energy density functions to notice that the sum of polyconvex functions results in a polyconvex function, e.g., if the functions ψ i , i = 1, 2, 3 are convex in their respective arguments then the function ψ(F) = ψ 1 (F)+ψ 2 (adj(F))+ψ 3 (det(F)) is polyconvex.
It should also be emphasized that in order to automatically satisfy material frame indifference, strain energy density functions are commonly expressed using C as the argument. This requires special care as the polyconvexity condition cannot be expressed in terms of functions of C is a simple manner.
Free Energy Terms for Cubic Anisotropy
In this section, we endeavor to derive simple monomial functions which are shown to be polyconvex and, thus, can be subsequently used as building blocks for the development of polyconvex constitutive models for cubic anisotropy.
Statement. The polynomial function
with k ≥ 1 and γ > 0 is polyconvex.
Proof. Following the approach used for showing the polyconvexity of I
we can obtain the first and second Gâteaux derivatives of I k 4 in the arbitrary tensorial direction H:
where in the last equality the symmetry properties of the structural tensor M were used. To complete the proof we separately analyze each term of the second derivative and show its non-negativity.
The non-negativity of I 4 follows from:
In a similar manner, we show that the other terms participating in the expression for the second derivative are also non-negative:
The non-negativity of all terms in the expression for the second derivative together with γ > 0 and k ≥ 1 implies the desired result.
Next, following the corresponding proof for the case of transverse isotropy in [8] , we prove the polyconvexity of
which is the isochoric part of I 4 .
Statement. The function
with γ > 0 is polyconvex ¶.
Proof. We begin with the following lemma [8] 
, where η is an arbitrary vector and ζ > 0 is a real number. We will establish that ψ η is a convex function, when considered as a function of both arguments simultaneously. The conditions of the lemma are satisfied for p = 4 and α = 4/3, therefore the function φ(x, y) is convex. The convexity of ψ η (F, ζ) follows from the following sequence of inequalities:
where the triangular inequality and the convexity of φ(x, y) have been used. The required result can be obtained directly from:
The positive coefficient γ does not modify the conclusion.
Statement. Let K 3 = adj(C) : M : adj(C), then the functions
with γ > 0 are polyconvex.
Proof. First we prove that K 3 is a scalar invariant of C and M. In the process we will show that
M : adj(C) are also scalar invariants. If the characteristic equation
is multiplied as a double scalar product by C −1 M : C, then the following equation for K 1 is obtained
If K 1 can be expressed as a combination of scalar invariants of M and C , then K 1 is a scalar invariant itself. Proceeding in the same manner for K 2 , one obtains after multiplication by
For K 3 the multiplication is by C −1 M : adj(C) and the result is
Given that K 1 and K 2 are scalar invariants, for K 3 to be a scalar invariant one needs to show thatÎ M is a scalar invariant. This can be accomplished by multiplication of (8) by C −1 M : 1 with the result
The polyconvexity of γK + In factÎ M = I 2 for our specific tensor M = e
2 + e
3 .
follows from the application of the same change in the proof of the polyconvexity of γ
where the power in the denominator has been changed from 2/3 to 4/3 in order to obtain the proper isochoric term.
Polyconvex model for elastic materials with cubic anisotropy
The monomial functions discussed in the previous were shown to be both suitable for describing the anisotropic response of cubic systems and polyconvex. In this section, we demonstrate that these functions can be taken as a basis for the development of specific elastic constitutive models. Specifically, the following simple model consisting of a linear combination of polyconvex monomial functions is proposed:
where α i , i = 1, · · · , 4 are non-negative reals so that the polyconvexity of ψ can be guaranteed without further proof. The polyconvexity of I 4 was shown in the previous section, whereas that of the isotropic terms − log(I 3 ), I 3 and I 1 is well known [8] . The expressions for the stress and tangent moduli then follow as
and
respectively. Expressions for the first and second derivatives of the invariants are given in Appendix A. The model parameters α i , i = 1, · · · , 4 are determined by enforcing that the material be free of stress in the reference (undeformed) configuration, i.e. S(1) = 0 and by establishing a connection with material properties determined experimentally. A simple way of accomplishing this is to require that the tangent moduli in the reference configuration C(1) match the anisotropic elastic constants of specific materials obtained from experiments. It bears emphasis that the ability of the model to provide accurate values of the elastic moduli for non-zero deformation relies on the specific functional form of ψ and on the availability of experimental data, i.e. second-order elastic constants.
For the particular case of the model in Equation (9), the resulting conditions are:
where C 11 , C 12 and C 44 are the cubic elasticity constants in Voigt notation obtained from experiments. (14) . The values of the elastic constants are extracted from [20] . The solution of the system of equations (12) is:
Material
The non-negativity of the model parameters α i , i = 1, · · · , 4 follows from that of the elastic constants and from the restriction on the anisotropic ratio A =
Interestingly, this restriction on the anisotropic ratio is satisfied by a number of transition metals which have a b.c.c. structure and lie together in the periodic table. This list includes Cr, Mo, W, V, Nb [20] . Some compound solids with cubic structure like AgBr and NaCl also satisfy the inequalities (14) . Table 1 provides values of the model parameters obtained from Equation (13) and the elastic constants for these materials given in [20] . It can be seen in this table that the anisotropic ratio A for these materials is in the range (14) .
Extensions of the simple model (9) to materials which do not satisfy the restriction (14) or with additional parameters such that the resulting model can fit higher-order elastic constants can be pursued by incorporating more polyconvex monomial terms from the families given in Section 3. However, it should be carefully noted that the mere addition of extra terms will not necessarily relax condition (14) . In fact, it can be shown that the addition of any of the following terms I will not improve this situation. Figure 1 shows plots of the Cauchy stress components σ 11 , σ 22 , σ 33 as functions of the stretch λ. These plots confirm that the model matches the linear elastic response for infinitesimal deformations and that it has the correct limiting behavior as λ → +∞ and λ → 0 + . Figure 2 illustrates the reasonable behavior of the model under simple shear, including, one more time, the infinitesimal strain limit γ → 0, the limits at γ → ±∞ and the development of extensional stresses σ 11 under finite shear deformations.
It should be emphasized that this specific model is the simplest possible within the framework proposed and is only given for the purpose of demonstrating its basic properties. Otherwise, this model is overly simplistic and should not be expected to provide an accurate description of the response of a realistic material. In particular, it only allows to fit the infinitesimal elastic constants and it does not provide a physical basis other than the appropriate treatment of the anisotropy to expect that fitting the infinitesimal response will allow to infer the response at large deformations. A more realistic model will require the inclusion of more monomials in the strain energy function giving more free parameters which can be used to fit the material response at finite strains. 6. Boundary-value problem, variational formulation and finite element discretization
Consider a body B with boundary ∂B = A 1 ∪ A 2 . The boundary A 1 consists of all surface points where displacement is applied and the boundary A 2 of all surface points where tractions are applied. The boundary value problem can be formulated as (see for example [21] )
where N is the surface normal,φ is the prescribed displacement field andT is the prescribed surface traction field. For simplicity, it will be assumed that A 1 ∩ A 2 = ∅, although more general boundary conditions can be conceived on any point of ∂B as long asφ ·T = 0. The Equations (15)- (18) express, respectively, the equilibrium condition of the solid in the absence of body forces, the constitutive law and the displacement and traction boundary conditions. Ball [21] has shown that, assuming the strain energy function ψ is polyconvex, the solution ϕ of the nonlinear elastostatics problem (15)- (18) is the minimizer of the functional
As is common practice, this variational formulation is taken as a basis to formulate the finite element discretization. Specific details about the numerical method are given in [22] . In calculations, second order isoparametric interpolation (6-node triangular elements in two dimensions and 10-node tetrahedral elements in three dimensions) are employed. In addition, the exact tangent moduli are implemented in order to obtain optimal convergence in the Newton-Raphson solution of the nonlinear algebraic systems of equations resulting from the discretization.
Numerical examples
In this section the model is exercised in the context of actual boundary value problems with the objective of verifying its correctness and evaluating its robustness, especially for large strains. Toward this end, the following two problems are considered:
7.1. Plane-strain stretching of an anisotropic plate with a hole
This example provides a suitable basis for verification of the model in the infinitesimal limit, owing to the existence of the exact solution in closed-form. The problem corresponds to the uniaxial loading at infinity of an orthotropic plate under planestrain conditions and with the loading axis aligned with either one of the material axes. In our calculations, the analysis is restricted to one fourth of a square domain of a size equal to sixteen times the radius of the hole centered at the hole, so that the remote boundary condition can be approximated by a uniform displacement field. The cubic elastic constants are chosen with the ratio C 11 : C 12 : C 44 = 9 : 1 : 4 which maximizes the discrepancy with the isotropic case. The infinitesimal limit is approximated by conducting the simulation with a very small remote stress σ ∞ = 10 −6 × C 12 , whereas in the large deformation case the remote stress is σ ∞ = 2.5 × C 12 .
The computed stress concentration factor conventionally defined as σ θθ /σ ∞ is plotted in Figure 3 as a function of the polar angle θ and compared against the exact infinitesimal-limit values given by the expression [23] :
where
and η j are the roots of the equation S 22 η 4 j − 2(S 21 + 2S 44 )η 2 j + S 11 = 0 with S ij being the conventional compliance coefficients. The numerical solution obtained is found to be in good agreement with the exact solution in the infinitesimal limit. The figure also shows the results obtained for the case of large deformations, in which the extreme values of the stress concentration factor are reduced due to the effect of blunting. Figure 4 shows the dependence of the numerical error measured in the energy norm on the mesh size. The error is computed relative to the solution obtained with the finest mesh. Within the linear regime the convergence is quadratic as expected for the interpolation used. As is usually the case, the convergence is somewhat reduced for the highly nonlinear case.
Extension of a cylindrical bar in three dimensions
The second example illustrates the anisotropic response of the model under large deformations in three dimensions. The problem considered is the extension of a single crystal cylindrical bar whose length to radius ratio is L/r = 22/3. The bottom end of the bar is clamped and the lateral surface of the bar is traction free. Displacements are applied on the top surface in the axial direction but otherwise left unspecified. In simulations, ten loading steps are applied until the bar is stretched to twice its . Figure 5 shows a side view of the initial mesh and deformed configurations of the bar obtained in the three simulations, whereas Figure 6 shows the corresponding views from the top.
It can be seen in these figures that in the first case the cross-section of the bar remains approximately circular due to the four-fold symmetry in the transverse plane.
The anisotropic response is more visibly exposed in the second case. The contraction of cross-section of the bar in the two directions is markedly different due to the anisotropy brought by the term containing I 4 . As it could be expected the contraction in the [001] direction is much less than in the [110] direction. A possible interpretation of this effect for metallic lattices is that part of the contraction in the latter direction is accomplished by atomic bond rotation instead of pure extension/contraction of the bonds. Finally, the third case illustrates the development of transverse displacements when the loading axis is not aligned with any of the axes of symmetry of the crystal lattice.
Conclusions
In this paper, a framework for developing polyconvex strain energy functions for hyperelastic models of cubic anisotropy has been presented. This work is a direct extension of the framework presented in [8] for transversely isotropic materials to the case of cubic symmetry. In this case, the anisotropy can be described by a single fourthorder structural tensor. The polyconvexity of a number of monomial functions of the corresponding mixed invariants has been established.
Based on these polyconvex terms, a simple model has been presented for the purpose of demonstrating the modeling approach and the numerical properties of the resulting models. It is found that the adjustment of the model parameters to experiments is restricted by the required global polyconvexity condition. For the class of models considered, it is found in particular that this limitation poses a limit to the range of material anisotropic ratios.
The simulation of a two-dimensional problem in the infinitesimal strain limit serves the purpose of verification against a known exact solution. Finite element simulations of problems in two and three dimensions are used to demonstrate the robust computation of the anisotropic response in situations involving large deformations. 
